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ON ALTERNATIVE REPRESENTATIONS OF TIME VARYING
VISCOELASTIC MATERIALSY

NESTOR DISTEFANO

University of California, Berkeley

Abstract—Conditions for equivalence between linear differential and a class of integral operators are given and
the results are devoted to applications to alternative representations of linear, time varying viscoelastic materials.
Several examples are presented, including a discussion on sufficient conditions under which time varying linear
differential operators can be used to analytically represent asymptotically stable materials, and an example on the
inversion of integral equations appearing in the treatment of thermorheologically simple materials.

1. INTRODUCTION. REMARKS ON THE REPRESENTATION OF GENERAL
VISCOELASTIC MATERIALS

THE literature on representation of general viscoelastic materials by means of linear, time-
varying operators is scarce and was mainly devoted in the past to materials such as concrete
[1], whose mechanical properties are not time-invariant due to aging processes induced by
chemical hardening, moisture diffusion, etc. At present, those operators are progressively
attracting the attention of other areas in view of its application to linearized theories of
thermo-elasticity and thermo-viscoelasticity.

In general, most of the currently available research lies in the area of integral equations,
mainly because integral equations are a natural way of formulating the physical problem.
In some important applications, the step response (or its derivative) can experimentally
be determined furnishing in this way the kernel of the integral operator, thus reducing
considerably the analytical procedures of the identification problem.

Apart from the classical work of Arutiunian [1], the literature on differential constitutive
equations seems to be scarce. Recent work is available [2] wherein a second order dif-
ferential equation is investigated and [3, 4], where differential equations are derived from
consideration of time-varying, spring-dashpots, models.

Interest in a complementary alternative approach arises from many different points of
view. Besides systematic aspects, indeed the most important reason is the necessity of an
approach exhibiting the advantages of an easy formulation with the possibility of easy
numerical solutions. And while the solution of several hundreds, first order ordinary
differential equations subject to initial values is a routine matter for a digital computer,
the solution of systems of Volterra integral equations by means of the usual quadrature
procedures may easily exceed the rapid access storage capacity of contemporary computers.
On the other hand, a combination of the two approaches, integral and differential, makes
tractable and feasible the solution of several important identification problems associated
with linear and nonlinear viscoelasticity. Problems of this type will be presented separately.

+ This work was in part sponsored by a University of California Research Grant.
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2. MATHEMATICAL BACKGROUND

It 1s well known that the solution of linear ordinary differential equations subject (o
initial conditions can be reduced to the solution of a class of linear Volterra integral equa-
tions. There are several methods to accomplish this purpose, notably the so called Fubini
method (Tricomi [5]) [6], which is found to be of great interest in the investigation of
asymptotic solutions of differential equations. The theory of linear systems also furnishes
very expressive examples of this possibility. For example, every solution of the system

i:
. Az + Blt)z. (2.h
dt

satisfies a linear Volterra integral equation
{
z=yp+ j‘ Y{t—-1)B(z}z(z} dt, 2.2
O

where y and Y are the vector and matrix solution respectively of the reduced, non perturbed.,
(B = 0) equation and where y(0) = z(0) and Y(0) = /, the identity matrix (Beliman [7}).

Conversely, Evans [8] reduced the solutions of a class of Volterra integral equations to
the solution of a certain differential equation subject to appropriate initial conditions by
considering the class of Volterra equations whose kernels satisfy certain linear differential
equations. This idea seems to have been first considered by Evans although little attention
in the author’s opinion has been paid to this interesting possibility.

In the same line, Teodone [9] and Volterra {10] considered the class of integral equations
whose inversion requires only a finite number of integrals and derivatives. This turns out
to be an interesting point of discussion nowadays when accurate digital computers are
available and when the idea of approximate solutions under suitable metrics replaces the
necessity of solutions obtained by means of elementary operators. In this sense, Bellman
et al. [11] introduced the idea of differential approximation for the solution of equations of
the type

1
X =v+ | flt—1)x(ridz, (2.3
T
obtained in the course of constructing some mathematical models of physiological pro-
cesses connected with cancer chemotherapy. Here the kernel f is assumed to satisfy an
ordinary, generally nonlinear, differential equation. The solution x is then obtained as the
solution.of an approximate linear differential equation, the approximation defined by a
suitable norm, subject to appropriate initial conditions which in turn depend on the given
function y.
In this paper, equivalence of the representations given by

vo= Cx+ j [ ox(r)dr {2.4)
0

and
apy+a v+ Y = hox bt b 2.5

is investigated and the results are devoted to applications of alternative, differential and
integral, representations of linear visco-elastic materials. Several examples involving
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specialized representations are presented in Section 6. In Section 7, the method is applied
to finding sufficient conditions for the representation of several types of asymptotically
stable materials. Finally, the algorithm is applied to the numerical solution of integral
equations typical in the theory of thermorheologically simple materials. Further extensions
of the method, in connection with the identification problem, will be discussed elsewhere.

3. FORMULATION OF THE EQUATIONS

Let C(t,7), T < t, be the response (creep function) of a general linear (time varying)
material submitted to a unit step stress o{t) = H(t —1) starting at time 7. Then the response
&(t) (strain) to a given stress history o(t) is given by

gty = fi C(t, v) do{n). (3.1)

It will be assumed here that C(z, 1) possesses a discontinuity of the first kind (finite jump)
at 7 = t 7. It will also be assumed that the material is in a quiescent state prior to an instant
t = 0 and that any stress history (z) and its derivatives up to the Nth order are continuous
except possibly at a finite number of points where finite jumps are allowed.

Integrating equation (3.1) by parts and taking into account the restrictions imposed
above, the function &(t) may be written

e(t) = Ct, t*)o(t)—kff(t, 7)o(1) dr, (3.2)
o

where
é
flt, = -5 ¢ 7) (3.3)

is the “‘impulse creep function” of the material. The term C(z, t *)o(t) accounts for the delta
function singularity introduced by the derivative of C{t, 1) at © = r*.

An alternative, differential, representation of a linear, time varying viscoelastic material
can be given by the following N-order differential equation

de de do
ao(t)e+a,(t)a—t+ +at_N = ho(t)a+b1(t)a—t+ <o byl

d¥e
g (34)
The principal aim of this paper is to investigate conditions on a;, b; and C(t, 1) under which
the representations given by the equations (3.2) and (3.4) are equivalent and to derive an
algorithm to obtain one representation when the other is given. In this line, let us first
consider an example which without loss in generality, exhibits the essence of the method
proposed here.

Consider the integral representation given by equation (3.2). In most applications the
kernel f(t, 1) of the integral equation can be conveniently approximated by the sum of
products of functions 1 and 7. Consider for instance, the class of kernels which may be written
in the form

St 1) = @:1(DF (1) + @1(V)F(1). (3.5)
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This representation suggests the possibility of considering f(z, t) as the solution of second
order partial differential equation of the type

‘j{trr) & l(t 7)

agle} f{t, T+ a, (1)~ v = (), {36}
subject to suitable initial conditions given by
[_,f'([’ r)]tﬁt = a{)(t)v -
. y )M (3.7}
oflt, t
S = 41},
[ BN P

where o(t) and «,(t) are given functions of 1.

Clearly, by substitution of f(t, ) given by equation (3.5) in the differential equation (3.6),
it is recognized that F,(t) and F,(1) are two solutions of the following second order ordinary
differential equation
d*F

dF , )
ao(l)F(!)-f—Cll(l)"d-"’ +"d’tf = (), (3.8)

and that functions ¢, and ¢, must satisfy the following system of linear equations

@ (NF (D + @ (0F, (1) = ault),

dr dF,(
(t)* l“) P,(t) ‘“"”{) a(t),

dr
obtained by direct substitution of f(r. ) given by equation (3.5) in equation (3.7} If, for
given functions ¢, and a, the functions ¢, and ¢, are required to be unambiguously
determined, then F, and F, must be any two linearly independent solutions of the ordinary
differential equation (3.8).

Now, differentiating equation (3.2) twice, forming the sum

i

i (f)d £ .
;) d; = 1,
o Tt

and taking into account equation (3.6), the following differential equation is obtained

de(t) d2e(r) (io*(t) d""o’([} ,
T TN f alars 310
aglt)e(ty+add) ar + - i = bo(Oo{D)+ by{t) a4 hsit ) { }
where
dcC dlC d/ Lo (o
ho(l) == a0C+a1 '&” d 2 +al f(l I '“'“(’i"t““' ( ([ ) '-s
hit) = a,(ﬁ+2%§+}‘(z, ), (3.11)

bty = C,

and where C stands for C(z, t").
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This example shows the equivalence between the representations given by equations (3.2)
and (3.10) when certain conditions have been fulfilled. It also shows how to construct the
kernel of the integral equation when the differential equation is given, and conversely.
In fact, suppose that C and the kernel f{z, 7) given by equation (3.5) are known functions.
Then a, and a, appearing in equations (3.8) and (3.10) can be calculated from the system

dF. d?F
aO(t)Fl(t)‘*‘al(l)"B‘t-l* — ._Tizz_l’
(3.12)
dF, d*F
aO(t)FZ(t)'*'al(t)"a‘;% = _._,dt_ZZ,

and by, b, and b, appearing in equation (3.10) can be directly evaluated by means of
equation (3.11).

Conversely, given the differential equation (3.10), &(t) admits the representation given
by equation (3.2}, where

Clt,17) = bylt), (3.13)
and f(t,7) is given by equation (3.5) where F, and F, are any two linear independent
solutions of equations (3.8) and the functions ¢, and ¢, can be evaluated from equation

(3.9). Functions a4 and «, appearing in equation (3.9) can be recursively evaluated using
equation (3.11), vielding

d
tolt) = [f{t, Tlloms = by —(a1b2+2—b—2),

dt
e, t db, d%b
ay(t) = {fgt )} :bo—(aob2+a,a%+ dtf) (3.14)
T=t
dbh,\ db, d db
—a1b1+a1(a,b2+23i) —*j+5(a1bz+2d—t2).

4. GENERALIZATION. KERNELS OF ORDER N

The formal procedure used above can be generalized to order N under reasonable
conditions on functions a;, b; and C.
Let aft), i=10,1,...,N, ay = 1, be a set of N real functions, C(t,7) = 0 if t < 7, and
such that it satisfies the following partial differential equation
N ot oC(t, 1)
{l)— == = 1.
i;() ax( )0[l ot 03 ay 1 (41)

Under such conditions function C(z, 7) is defined to be an Nth order creep function and
the associated function

°C(t, 1)

.{(tv ‘C) = - a‘[ s

(4.2)

is defined to be a kernel of order N.
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In what follows, the following “natural” initial conditions associated with the differen-
tial equation (4.1} are considered

o 4.3
&Y, ‘ |
‘(qrj"i"* ) =, = L:’.,...,N,
where functions «; ; are obtained from the following recurrence relations
i N—jdicee, o)
tq() = by_— ¥ ay_ ( ) 2
1 ¥ ig'o YNl A
. N (4.4)
! LTV IN v A
Y ay; Y SeASEEIL = 120N,
where }* = 0if i < jand where b,.i = 0. 1,..., N is a set of N + [ arbitrary real functions.
Now, given the differential equation
ad de X d'e
a{t) - = b{t) . 4.5
l_;) {0 45 i;} {0 g (4.5)

and the Nth order creep function C{(, 1) which satisfies the initial conditions given by the
equations (4.3) and (4.4), then

o) = Cl, "ot + | f(t tho(z) dr, (4.6
0

and conversely.

It will be first proved that if the Nth order creep function Cft, ) satisfies the initial
conditions given by equations {4.3) and (4.4), then equation {4.6) implies equation {4.5).
In fact, using equation {(4.3), equation (4.4) yields the following equation for b; in terms of
functions q;,

N i\ diC, ~ Pt fiey) @ Tty
bity="Y ( / )a .o }+ >oa; Y (2 ‘)_.d." [[ _ A-L(,ir}J LA
v =

P A Oy B .
F—i dr Jmit1 V=0

i=1

i=0,1,...,N.

Differentiating &(r) given by equation (4.6} up to the ith order, multiplying by afi).
forming the sum Y% a(d’s/dr’) and taking into account equations (4.1), (4.2} and (4.7},
equation (4.5) is finally obtained.

The proof is completed by observing that the representation given by equation (4.6)
is unique as it follows from the unicity of the solution of the partial differential equation

(4.1) subject to the initial conditions given by equations (4.3) and (4.4).
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5. CONSTRUCTION OF Nth ORDER CREEP FUNCTIONS
Let F(t),i = 1,2,..., N, be a set of N linearly independent solutions of the following
ordinary differential equation

N lF(t)

Y al)-gr =0 ax=1 (5.1)

i=

Let ¢ft),i = 0,1,..., N, be a set of N+ 1 arbitrary functions. Then

N
Ct,1) = @o(t)+ Y, [P — Y ()FL0), (52)
i=1
where

v =¥+ | "0ddE,  i=12,....N,

is an Nth order creep function as may be proved by substitution in equation (4.1). Recalling
equation (4.2), the associated influence creep function results

fit, 1) = Z PTF(D). (5.3)

If the representations given by the equations (4.5) and (4.6) are to be equivalent, then
C(t,t) and f(t, 1) given by equations (5.2) and (5.3) respectively, must satisfy the initial
conditions given by equations {4.3) and (4.4) furnishing in this manner a set of N +1 equa-
tions from where it is possible to evaluate functions ¢,(t). From equation (5.2} and the first
equation (4.3), it follows

Polt) = by(t). (5.4)

Now, introducing the following N-dimensional vectors

= (¢;), i=12,...,N, (5.5)
and
o = {ay), i=0,1,...,N—-1, (5.6)
and the matrix
d"'F, .
(dt’ 1), Lj=12,...,N, (5.7

substitution of equation (5.3} in the second equation (4.3) yields
We = a, (5.8)

an equation which allows for the evaluation of the remaining N functions @, @5, ..., @y
unambiguously, since det. W is the Wronskian of a set of N linearly independent functions.
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6. APPLICATIONS. SPECIAL REPRESENTATIONS

{a) Functions a;, i = 0,1,... N, ay = 1, are constants

When the coefficients a; are constants, a useful alternative representation of an N-order
creep function C(t, 1) is given by

t

N
Clt,1) = Do)+ Y. | PAOF(t—E)de, (6.1}
i=1

T

where @, i = 0,1,..., N, is a set of N +1 arbitrary functions, as may be proved by sub-
stitution in equation (4.1). The associated influence creep function is given by

N
flt.0) =} ®)F(t—1). (6.2)
=1

Now, let p;,i = L,2,..., N be the roots of the characteristic polynomial
ag+ap+ ... +p¥ =0, (6.3}
then F; in equations (6.1) and (6.2) are given by
F{t) = e’ (6.4)
With regard to functions ®; appearing in equations (6.1) and (6.2), from the first equation

{4.3) we obtain
Dot) = bylt), (6.5)

and from the second equation (4.3), and taking into account equations (6.2} and (6.4),
we obtain the following system of equations

¢1+(I)2+ (DN - ao(t),

1 D+, D, + oDy = o (
/.11 P2®2 PPy {1} (6.6)

p?[Al(Dx‘*‘pg_l(Dz‘%‘ . +pzw1®)\7 = O£N~I(f),

from where the remaining functions @,, i = 1,2, ..., N, can be evaluated. In system (6.6},
functions o; are given by equations (4.4), if due account is taken that the g,’s are constants.

The expression for C{t, 1) given by equation (6.1) can be slightly modified so as to obtain
a representation which does not explicitly contain integrals. Let A1), i = 1,2,... ,Nbe N

functions given by

Adt) = f (&)t de, 6.7)

then
d4;
ik = @, = 1,2,...,N. (6.8)
dt pl L3 iy i ¥
Substitution of @, given by equation (6.8) in equation (6.1) and integration by parts

yields the result

N N
Clt, 1) = Do)+ Y, Alt)— 3 Adz)e? ™ (6.9)
i=1 =1
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When a, = 0 and the polynomial
a;+ap+ ... +p¥" "1 =0

is Hurwitz, and if for convenience we set p;, =0, §; = —p; >0, i=2,3,..., N, then
C{(t, 7) given by equation (6.9) reduces to
C(t, 1) = Qy(r)+ % At (1 —e 24y, (6.10)
provided !:2
Dy(t) -+ 'i Ay = 0. {6.11)

Under appropriate restrictions on functions ®, and A(t), C(t, 1) given by equation (6.10)
was introduced by Arutiunian [1] to represent the creep of concrete.

{b) Coefficients a; and b; are constants

The case when not only the g;’s but also the b;’s are constants, leads to consideration of
time-invariable materials, as might be expected. The integral equation reduces in this case
to one of the convolution type. If the characteristic polynomial is Hurwitz, the creep function
and the influence creep function are given by

N &,
Clt—1) = @g— ¥ —'(1—ePit™), (6.12)
N i=1 /i
fie—1) = Gert) (6.13)
i=1

respectively, where @, i = 0,1, ..., N are constants which must satisfy equations (6.5) and
(6.6), taking into consideration that g;, b; and consequently «;,i = 0,1,..., N— 1 appearing
in equation (6.6) are constants. In particular, the following known relations [12]—derived
from equation (4.7)—

bo = agco+a; fo+ar fP+ ... +f§7Y,

by = ajco+ayfe + ... +fe2

: (6.14)
by-y = ay-1Cot fo,

by = Co»

hold between a;,b;,i = 0,1,..., N, ¢cq = C(0) and the successive derivatives of the kernel

f(att =0,
. jf(t)] .
W - | L . =0,1,...,N—-1.
fO [dtj =0 J

©a;=b,=0,i=0,1,..., N—lLay=1,by #0
in this case, the differential equation (4.5) reduces to

dr avy
d:IE'Q = bN(t)dTon‘ (6.15)
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The associated kernel is immediately found to be

ML) =@+t —0)+ ... +out—1)¥ L {6.16)

Substitution of f(t,7) given by equation (6.16) in equation (4.3) yields the following
conditions for functions @;, i = 1,2, ..., N,

o) = o (1), i= 12, N, (6.17)
where o; are given by equation (4.4}, reducing in this case to be

NYdiby(t
;. 4(t) = “(x)“&%g’ i=12_...,N. (6.18)

Substitution of equations (6.17) and (6.18) in equation (6.16) yields

N
fit, )= ~[Nh§§>+(

2

)(t~r)bf$’+ +(’:~z)~*1b§§>] (6.19)

7. ASYMPTOTICALLY STABLE MATERIALS
Let

) = Clt.t " )of0)+ f 11t 9@ de (7.0)

and .
age+a g+ . 6™ = byo+ b+ . +byo'™. (7.2)

be two equivalent representations of a given viscoelastic material, i.e. C(f, 7} is an N-order
creep function which satisfies the initial conditions given by equations (4.3) and (4.4). In
some applications, conditions are required such that for all bounded inputs o(t), &(t) is
bounded as t — oo, forall T < r. From inspection of equation (7.1), a necessary and sufficient
condition for boundedness is

Clt,1) = f flt,8dé < o, (7.3)

as f — oo,

The converse problem, i.e. for all &(f) bounded, under which conditions o{t) is bounded,
is one of great interest and difficuities, related to a class of Tauberian theorems. Several
results, including deterministic and stochastic versions of the problem, are available [13].
Here we do not pursue the same path. Using the formalism presented in previous sections
and several standard results in the theory of ordinary differential equations, we find con-
ditions for stability of differential equations of the type (7.2), which appear to be of interest
in the construction of differential constitutive equations of asymptotically stable time
varying materials.

Given the differential equation (7.2), equation (7.3) implies that the problem is then
equivalent to finding conditions under which the solutions of the partial differential
equation (4.1), subject to the initial conditions (4.3), are bounded. This problem is in turn
intimately related to the investigation of the asymptotic behavior of the solutions of the
differential equation (5.1). A detailed examination of this and related matters is beyond
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the scope of this paper. Many results are available in the literature on the stability and
asymptotic behavior of ordinary differential equations. See for instance [5,7, 14]. In the
spirit of Fubini method, a memoire by Ghizzetti [6] can be mentioned. In this memoire, a
remarkable criteria for stability is given, which may be considered a perturbation theorem
with respect to the classical Hurwitz criteria when the coefficients are constants.

Here we shall only consider two examples which appear to be of interest in applications.

Let
F=(F), i=112..N, (7.4)

be an N-dimensional vector whose components are linearly independent solutions of the
differential equation (5.1). Now, recalling equations (5.3), (5.4) and (5.8), equation (7.3)
can be written

Clt,7) = by(t)+ F7(1) f WO dé (1.5)

where superscript T denotes transpose. Suppose now that the limits
lim a(t) = a;,,, i=01,...,N,
lim by(t) = by, i=0,1,...,N,

(7.6)

exist and that

Qg +Pa1 o+ ... +p¥ =0, (7.7

is 2 Hurwitz polynomial. Then the functions F(t) and its derivatives to the order N — 1 will
tend exponentially to zero as t — oo, and in consequence the limit of C(t, t) as t — oo given
by equation (7.5) will reduce to

lim C(t, 1) = by, (7.8)

1w
independent of 1.
If equation (7.7) is no longer required to be a Hurwitz polynomial, then the limit of
C{(t,7) as t — oo will exhibit in general a dependence with the initial time t. Consider for
instance the case where aqo = 0 and a;,i = 1,2,..., N—1, ay = i, are constants. Let

aj+ap+ ... +p" 1 =0, (7.9)

be a Hurwitz polynomial. Then a linearly independent set of solutions of equation (5.1) is
found to be

F(t) = (1,7, e, .., e, (7.10)

where p,, p3, ..., py are the real negative roots of equation (7.9). Recalling equation (6.2)
and taking into account equation (7.10), C(t, 1) is given by

t N t
€t = b+ [ u9de+Y, [ oo (.1)

where the functions ¢, are given by the solution of system (6.6). Assuming that functions
bi(t) possess finite asymptotic limits b;, functions ¢, will also tend asymptotically to a
finite limit ¢, as t - co0. Then

0 N
lim C(t,7) = by, + f oOdi— Y picp.-w, (1.12)
T i=2 Vi

t—w
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which express the fact that the asymptotic value of C(z, 7)ast — o relies upon the existence
of the integral

| owade< 713
If the coefficients a; are not constants but
pt+dy,p+ . pN =0, (7.44)
is a Hurwitz polynomial and
lim aq(t) = 0, (7.15)

[ adi> 53

then the existence of-a limit for function C(t, 7) will still depend on the existence of the
integral

_’ @(8)de < « (7.16)

where ¢, is the first element of vector ¢ given by equation (5.8).

8. SOLUTION OF INTEGRAL EQUATIONS—EXAMPLE

In the theory of thermorheologically simple materials, integral equations of the type

t A
a0+ | 1l ~otelute) dr = o0 (8.1
oC
are frequently encountered. An approximate differential equation can be found by assuming
that g(&) approximating f(£) under certain norm, satisfies a linear differential equation
N

Y ag® =0, (8.2)
i=0
and applying some of the results presented above. We omit here a discussion on approxima-
tion aspects, which will be presented separately in connection with the identification
problem, and restrict ourselves to the following numerical example.
Let u be the unknown function in the integral equation

u(t) + J: o(t)e O O yry dr = o(e), (8.3)
where
o(t) = (1 +a)e %, (8.4)
and « is a function given by the differential equation
o =2—e",  «0)=0. (8.5)
A solution to (8.3) and (8.4) is found to be
ult) = e ), (8.6)

as it can be proved by direct substitution.
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Since the kernel in equation (8.3) is already given as a product of functions of ¢ and 1,
by differentiation, equation (8.3) can be reduced to the following first order differential
equation

u = ~20u+v+o'v, u0) = 1. (8.7)

Equations (8.4), (8.5) and (8.7) constitute a straightforward initial-value problem which was
numerically solved using a Runge-Kutta scheme on a CDC 6400, with step size 0-01.
Results agreed in 9 or 10 significant figures with the exact values, in the interval 0 < ¢ < 1.
Execution took less than a second.

9. DISCUSSION

The foregoing results were derived for the simplest, linear uniaxial case, to emphasize
the structure of the underlying algorithms. It is noted, however, that with no essential
modifications, they still hold in higher finite dimensional spaces. It is also noted that this
approach is not restricted only to linear operators, but embraces also Volterra integral
equations of the type

x(t) = y(0) + f f(t, D6[x()] de

where G is a nonlinear function of the n-dimensional vector x. This and related matters
will be discussed elsewhere.
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AbcTpakt—/laroTCs yCnoBus IKBUBANEHTHOCTH MEXAY AHMHEHHBIMM anddepeHuyanbHbIMK ONepaTopamy
¥ HEKOTOPbIM KJIACCOM HHTErpasibHBIX ONEpaTopoB. Pe3ynbTarhl MPUMEHAIOTCH s BAPUAaHTA IIPEACTa-
BJIEHWH JIMHEAHBIX, 3aBUCAUMX OT BPEMEHY, BAIKOYNPYIMX matepuanos. ITpeacTaBiAAIOTCH HECKOJIBKO
NPHUMEPOB, 3aKJIF04an 0OCYKACHHE JOCTATOYHBIX YCTIOBHH, IPH KOTOPBIX MOXHO MO/b30BATHOS THHERHBIMHK
AnbbepeHUHaNbHBIMHY, 3aBUCALIMMH OT BPEMEHH, ONEPATOPaMM AN AHATMTHYECKOTO NpPEACTABNEHHS
AOMMATOTHYECKK CTaBMNILHBIX MaTepHanoB. [laeTcs, TakXKe, IPUMEP MHBEPCHH MHTETPANBHBIX YPABHEHHUI,
KOTOpBIC BCTPEYAIOTCs B OOCYKAEHUH TEPMOPEOIIOrMYECKUX, NIPOCTHIX MAaTEPHATIOB,



